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THE THREE-DIMENSIONAL PROBLEM OF STEADY OSCILLATIONS OF AN ELASTIC HALF-SPACE
WITH A SPHERICAL CAVITY”

T.G. RUMYANTSEVA, T.N. SELEZNEVA and M.G. SELEZNEV

The three~dimensional problem of the dvnamic theory of elasticity con~-
cerning steady harmonic oscillations of an elastic half-space with a
spherical cavity is considered. The problem is reduced, with help of

the superposition principle, to that of solving a system of six integral
equations describing the stress-strain state of the medium . Analgorithm
for solving the system is given, which can be used in the case when the
cavity has a relatively small radius to obtain an approximate solution

with any desired degree of accuracy, in the form of an asymptotic expansion.
A numerical analysis of the stress-strain state of the elastic medium is
given for a wide range of frequencies.

1. consider the problem of the forced steady harmonic oscillations of an elastic half-
gpace with a deeply placed spherical cavity, in the three-dimensional formulation. The region
occupied by the elastic medium is defined by

£50. 7> (VEFIRFTZFF =7

where a is the cavity radius, h is the depth of its centre, Z,§J,Z are rectangular Cartesian
coordinates and 7, &, f are spherical coordinates attached to the cavity centre. Let 2, y, 2
r denote the dimensionless coordinates referred to the cavity radius a.
The following boundary conditions are specified at the boundary of the cavity in the
general case:
2 vz 0' Txy == f1 (.t, y) e-imt' Tyz =1 (:c, y) e—iml’ Oy ==l (1, y) e-iot (1'1)
re=1, o, ="1(x,B)ei tq=1r,(c,P)e" ", Tp="Ta(a,P)e-i*

The motion of the medium is described by the dynamic equations of the theory of elasticity
in terms of the displalements, i.e. by the Lamé equations /1/.

*pPrikl.Matem.Mekhan.,50,4,651-656,1986
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The solution of the boundary value problem formulated here is constructed, as in /2/, in
the form of the sum of solutions of two boundary value problems. These are: the problem of
steady harmonic oscillations of an elastic half-space under the action of stresses specified
at its surface

g == Ga Ter = Xi (-'C, y} {,—i@!’ Ty = XZ {x1 lf) ad

= XS (1‘, y) etk

and the problem of the steady harmonic oscillations of an infinite elastic space with a
spherical cavity under a load of distributed forces
r=1, o,=Yi(a,p)e i, 1,,=7T,(a,p)e it
Trp == Yg (o, f) -t
To determine the unknown functions Xj{z, y), ¥;(a, B) (7==1,2,3), we use the boundary con-
ditions of the initial boundary value problem. Adding together the solutions of the two

boundary value problems formulated above and satisfying the boundary conditions (1.1), we
cbtain a system of six integral equations

k3

X;(z, y)==1;{z, y)—?&
9 0

el

V(@) Y Lz v, 0.0 dodi (1.2)
n=0

o

ngﬂ(g,r)x

—oo

[\/_]u

Y (o B)=1;(@ B) — ir

3
|

cm|

expli @ + 101 § § Kin & n ) dEanarar, j=1,2,3

0, Oy

Here & =al/h. The functions Li) (&, ¥, @ V), K (E, 4, @, B) are very cumbersome, e.g.

LY (z, 4, 9,9) = .5_‘ 2’ v (2, 9) 3 (e, $)sing

Ku (B m 0B =<~ —‘5—*—‘- (82 cos? B -+ 2 sin® B +Ensin 26) [(ha* +
u?)exp (Aazo) — 2u? exp (?leo)} + u? (M2 + u?) exp (hazo) —
23 oxp (hazo)]) — 50y [Encos 28 + (2 — 1) S SR
oxp (Aezo) D (1 — cos 2a) -+ {A—u, [(M? + u2)? exp (hazo) —
4hyhqau? xp (Mizo)](Ecos B -+ nsin B) -
% exp (Ae2o) (ncos P — Esin [3)} sin 20 -
20 (42 - 1a?) (exp (hazo) — exp (hazo)) | oxp [— i (Ezo -+ )]
T (z, y) = [a@ F{h (2, y) — al) Fioh (2, 1)1/An

Fin(z, )= — '; Hy, (B1r0) S5 (o, o} sin 20,0 cos Bo
(k)
1

a8,
Fin o (T, ) = T aruve HS), (8ar) [

cos 20t €0s g —

©0s %o 5in Po (6555’/65)/&11 (10]

o=rrs, f==PHo

ro=[2? + y* + 2", ao=—arctg VzF + 42, Po=—arctg(y/z)
Bp=a{Paly — aPaly, A=A + u?)® — Lhsheu?

W=+, rP=u?—832 z=cosa—e?l, zy=sinccosf
Yo=sinasinf

a{y = [— 8,%/(26:2) -+ 1 (n — 1)/842] Hitlyy, (B1) + 2H )y, (61)/61
o) = [(n — 1) B3}y, (8s) — 0:H {2, (6:)]/62

a;’," —n(n 4+ 1) {(n— 1) By, (8:1) — 0.8, (81)1/0:2

) = [(n? — 1 — 8:2/2) HYy, (B2) + OsH{lw, (8,)]/052

S8 (@, By=1[(2n + 1) (n — E)l/4n (r -+ k)}J'e P, (cos &) exp (ikB)
8:7 = puta/(A -+ 2p), 8,2 == poPa/p

where 3,® (@, P) are functions conjugate to  Sa® (&, f).

The contours of integration ¢,, 0, are chosen taking into account the principle of limit
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absorption /3/, and the solution of the system is constructed in the class of summable functions,
Analysing the elements of the system of integral Egs.(1.2) we find that when %k >a, the
operator of the system is completely continuous in the space of summable functions, and we
can, in general, reduce the system, as in /2/, to an infinite quasiregular system of linear
algebraic equations whose sclutions can be obtained using a computer, e.g. by a reduction
method.
When & are small, the operator of the system will be compressive, and this enables us to
use the method of consecutive approximations with asymptotic computation of the integrals to

obtain its solution. The solution is cobtained in the form of an asymptotic expansion in powers
of the small parameter e

Xje= X +eXn+.. 0y Y5=on—{-Eij_+...

Let us consider the case when &<€1. Analysis of the properties of the elements of system
(1.2) determines the choice of the zero-order approximation

on (‘t* y) =1; (23, y)v Yﬁo (a’ ﬁ):‘ T; ((Z, ﬁ)i j==1, 21 3

In order to construct the higher approximations, we will write the functions ¢, 7 in
a more specific form such as

p==const, r,y = Q
b =hE)=0 BEN=PEN={ =g

ti(a" ﬁ)=07j=11213v g-xE[bh b2] UyE[clv 02]

Calculating the first-order approximation with the accuracy of up to O (%, we obtain

Y;(a, 5)_2¢ngMNa sin{BM ,8)sin (CN B,) X

fix (@ B, M0 N B)exp [ 1 (L YT T WP — 6, c0se) | +

0(e)
Xk(I,y)'Z-'O:(GZ). k=12, j=1:27 3, Xg:P(I,y)+0(82)
JI*_—-_——-——V. iy ey N*——V,m, bys=b, rsFa

M= e(by + b2 N =c(c +c)2 B=(b—b)2
C = (cg ~ ¢,)/2

The expressions for the terms O (e?) (the second approximation) are very cumbersome, and
are therefore omitted. The following notation is used in the above relations:

fra (0 B, & )= — B L1 Ry(1 — cos20) + 2t Ra sin 22—
[Ao/Blt + ity ot = w® £ AP

fuo (@0 B, & W= 222 3 Ry (1 — 008 2) + 5 Rava sin 20— 20}

for (@, B, &, M) == — lgl —;—Ra sin 2a + 2iA Ry cos 2a}

fou o, B, B, ) =

M {-LR; sin 2o + %’fi Racos Za}
fSl (ai ﬁv 5: TI) R — '—li {RI + 2':}'1}?5’
fou (2, B B )= 2’“"* [Ro+ 22 R}

2
R, = 5u® + (8% — ) cos ZB + 28y sin2B, R, = EcosP -+ nsin B
Ry = 202 + u® 4+ (£* — 0?) cos 2B + 2&n sin 28
== [2En cos 2B — (}* — 0} sin 2Bl sin &
Ry = (mcos § — Esin ) cos f, A = y,* — 4hAut

The branches of A;when |u|<C8; in the expressions given above are chosen as follows
/3/:
M=y a—0f=—i}YOF—ut

when a more accurate solution of the system of integral equations is needed, the process
of constructing the consecutive approximations can be continued.
It should be noted that when the cavity is cylindrical, the system of integral equations
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has the same structure and properties and its solution is constructed in exactlv the same
manner.

2. In order to determine the stress-strain state of the elastic medium by solving the

system of integral equations, we have the following expressions for the displacement vector
components /2/:
1 2
we=u 4+ u®, w,=ul v, u,=ul® +u? 2.1)
u® @
)

=u® sinacos P -+ ul? cosacosﬂ-—um sin B, ﬁ=arctg—:—

@)

ul =uf smasmﬁ+u(2)cosasmﬁ+umcosﬁ,
VR

o ==arctg —/——— e

u? =u® cosa — u’sina, rF=[2+ ¥+ (z + eLp]"

Here the superscript (1) corresponds to the solution of the problem for a homogeneous
elastic half-space, and the superscript (2) corresponds to the three-dimensional problem for
an elastic space with a spherical cavity.

When computing the components of the displacement vector (2.1) u,®, u,®, u,® , it is some-
times convenient to describe them in terms of the spherical coordinate system R, ¢, P attached
to the centre of the region to which the load is applied. 1In the adjacent zone we use the
numerical algorithm for computing the integrals which determine the components of the displace-
ment vector in an elastic half-space, and in the zone lying away from the region to which the
load is applied, it is more convenient to carry out the analysis using asymptotic methods.

For example, when R >1, we obtain for 0 < sin? ¢ << 6,%/0,%, ¢ % @/2

2520, R=[(z0— 22 + (yo — y)* + 22]'"s, ¢=arctg 71?%_7 2.2)
0,2 (26,2 sin? @ — 0,3 .
uf (R 4) = — b ) cospd (, ¥, By) exp (i01R) + O(R™)

04 [ 6% . /2 _
u (R, ) =5 [ —sinto | " STEINL O 0,0, 0 exp (8R) + 0 (R

ufﬁ (R, 9, 9)==0(R™®), x2o=Me™", yo=0~Ne*

Z — X
) — arct
v gy'“yo

when ©,%/0,2 << sin ¢ <<1, the form of the relations determining ugpV, uy) remains unchanged.
The expression for uy® becomes

U (B, @, 9) = O (@, ¥, 8s) “LLH2 0D [5in2 — 2L " oxp (104R) +0 (R @3
A (e, M) = (26,2 5in? @ — B2)? |- 46, sin? p [(B5% — 6, sin? ) (B? — 6,2 sin? )]+

{Ex» i) = {— By cos Psin @, — Oy sin @ sin ¥}
4 sin (Be, sin @ cos Y) sin (ce, sin @ sin V)
D (9, P, 8,) = 0Fsin® pcosPsiny '

The expressions for up® (R, ¢, ¥), ue™ (R, ¢, ), up® (R, @, y) when ¢ = n/2 are described in
practice by the relations determining the Rayleigh wave (corresponding to the residue at the
Rayleigh pole).

Let us write u,® =uy®, u® = u,®, ug® = yg®. In this case we obtain, for VM§ + N2 1,

u (ra)=a i —;}— [afuid (r, @) — afPusy (r, )] Y1 (2.4)
n=0
Vi DR 6 o) exp [ (067 + ) |
up (ry o) = 9;’;/ HYy, (8ar) P, (cos o)
uii (r, o) = 91,1 vE [ 2 Hy, (0rr) — 01 H D, (91r)] P, (cos )
2 (1, ) = e A, Oar) 2
g (r, @) = Batn (n +- : nyr [ - er L HYy, (8r) — B H D, (ezr)] X
dapP, (cosa)/da, uﬁ” =u® =0

where j, (8;) = ¥V ©/(20,) Jnsv, (8;) are spherical Bessel functions of the first kind.
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It should be noted that the relations describing the wave field in an elastic medium were
obtained on the assumption that R>>1, 0,/6 1, Y M*+ N*<€ 1. When e<€1, the expressions can
be used in practice in the region containing a spherical cavity.

The accuracy of the description of the displacement field in an elastic medium is
determined by the accuracy of the solution of the system of integral equations (1.2).
analysing the displacement field in the zone near to {, the integrals determining
uy are calculated directly using a digital computer. The relations determining  u,®, u,®,
up® are obtained only under the assumption that 6,/e > 1, ]/M’ + N?* << 1, and have the form
(2.4).

The proposed investigative scheme was realized on a digital computer. A numerical
analysis of the displacement field was carried out for practically the whole elastic region.
The behaviour of the solutions was studied when various parameters of the problem were varied.
In particular, we studied the dependence of the amplitude functions of the displacement of the
points of the elastic region on the frequency of the oscillations near to and far from the
cavity. The behaviour of the amplitude displacement functions of the angular and radial
coordinates was studied at fixed oscillation frequencies.

Figure 1 shows, as an example, the amplitude-frequency characteristics of the displacement
u, of a point of the region whose coordinates are R = 8.0, ¢ = 3.927, ¢ = 2,188 (v="13,¢e = 0.1, b = ¢ = 10).

The solid line shows the real component and the dashed line the imaginary component, and the
dot-dash line the modulus of the amplitude function.

When
uH(l) , uw(l) y

Figure 2 shows the dependence of up on the angular coordinate y in the plane ¢ = 2.186
perpendicular to the boundary of the half-space and passing through the centres of the cavity
and the region Q@ when R =184,b=c¢=10,e= 01, v=1/; 0, = 1.

Analysis of the solutions obtained shows that when the wave field is determined in the
zone far from the cavity {(r>1, R~ 1) with an accuracy up to terms
solution of the problem for a homogeneous elastic half-space. In the zone immediately
adjacent to the cavity, the solution is determined (with the same degree of accuracy) by the

relations (2.1)-(2.4) and can be obtained equally well by solving both auxiliary problems
formulated in Sect.l.

O (e), we can use the
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